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ABSTRACT
We develop a mesoscopic model of semiconductor dynamics for vertical-cavity surface-emitting lasers which allows
us to describe polarization and transverse mode dynamics simultaneously. Within this model, we study the selection
processes and the turn-on delay for the switch-on of dierent transverse modes in gain-guided VCSELs. We consider
dierent active-region diameters, excitation conditions and current shapes. Following the application of the current
pulse, transverse modes become excited in a quite denite sequence. After the turn-on, the VCSEL initially switches-
on in the fundamental transverse mode, but higher-order transverse modes become excited later. In general, the
results obtained are in qualitative agreement with experiments reported recently. Finally, we discuss the current
shape dependence on the transverse mode selection at threshold.
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1. INTRODUCTION
Vertical-cavity surface-emitting lasers (VCSELs) are promising novel devices suitable in many optical applications.
VCSELs are specially interesting due to their single-longitudinal emission, easy integration in 2D arrays, and narrow
circular output beams. Aside from these advantages, many fundamental questions have been devoted the attention of
many research groups: light-polarization instabilities, enhanced quantum uctuations, and excitation of higher-order
transverse modes among others. In addition, the necessity of high power lasers modulated at high frequencies enhances
the multimode
1
behavior of the VCSEL modifying the spectral, spatial and noise characteristics. In particular, the
development of strategies to avoid multimode oscillation in large aperture devices is interesting for applications. On
the other hand, multimode operation of the VCSEL is useful in multimode ber links in order to reduce the modal
noise.
2
All these facts motivates the study, characterization and control of transverse mode dynamics.
It is known that transverse modes properties of VCSELs are determined by a complex interplay of gain prole,
carrier-induced refractive index, diraction, temperature distribution and eventually by a built-in index waveguiding.
Furthermore, it is quite usual that many of this contributions become relevant at the same order being impossible
to determine the dominant mechanism. The gain prole is linked to the spatial distribution of the carrier density
in the quantum well (QW) which is modied by spatial hole burning, carrier diusion and shape of the electrical
contacts. Also the active material provides a carrier-induced refractive index that arises from the real part of the
susceptibility function. The carrier-induced refractive index of a QW is carrier-antiguiding, i.e. the refractive index
decreases when the carrier density increases. The lateral connement of the optical eld occurs via a combination
of gain guiding and index antiguiding eects.
3
Therefore, analytical expressions for the QW susceptibility
4
have
supposed a considerable improvement of previous works describing the active material in terms of a Lorentzian
response function.
5
The inhomogeneous injection of current preferably close to the cavity axis generates, via Joule
heating, a temperature distribution. Through the temperature dependence of the background refractive index a
thermal lensing (TL) is generated providing an optical waveguide that tends to laterally conne the optical mode.
Thermal lensing is an important mechanism to determine the transverse mode properties of gain-guided VCSELs with
no built-in refractive index contribution.
6,7
In general, we have found that the thermal lensing modies signicantly
these results
7
being responsible, among other things, of the tendency towards a multimode emission and the typical
frequency splitting between transverse modes.
In this paper, we take advantage of the mesoscopic model
7{9
of semiconductor dynamics of VCSELs that describes
simultaneously polarization and transverse eects. We study the transient response of gain-guided VCSEL subjected

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to short electrical pulses. We analyze the turn-on delay, i.e. switch-on time dierence between a higher-order
transverse mode with respect to the fundamental one. We present a systematic dependence of the turn-on delay as
function of the amplitude of the current pulse for two dierent active region diameter VCSELs. The motivation is
mainly addressed to recent experimental investigations of the transient response of gain-guided VCSELs excited by
fast electrical pulses.
10{12
2. THE MODEL
We consider that the VCSEL cavity only supports one longitudinal mode and that the eld is almost polarized
orthogonal to the cavity axis. Under this situation, the circularly-polarized components of the optical eld inside
the cavity can be written as follows
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is an analytical approximation to the susceptibility of a QW
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accounts for the changes in the susceptibility due to
nonlinearities and variations experienced by dierent transverse modes due to the dierent modal frequencies.
We consider that the optical eld inside the VCSEL cavity is polarized in an arbitrary direction orthogonal to
the cavity axis. However, cavity anisotropies (birefringence and dichroism) break the circular symmetry and select
two preferred orthogonal orientations x^ and y^ related to the crystallographic axis. Birengence provides a frequency
splitting between the LP
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and LP
y^
linearly polarized states and dichroism reduces the eective losses of LP
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with
respect LP
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> 0). We use the circular representation of the optical 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where n
e
is the homogeneous background index of the passive material lling the cavity, and n(~r
?
; 
) << n
e
is the
excess refractive index distribution. As will be discussed latter, this lateral variation of the refractive index arises
from the thermal lensing eect.
The radial variation of the current shape is dened by the function C(r), while (t) allows us to apply current
pulses in such a way that the total injected current reads
I(t) = q
e
N
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Z
1
0
rdrC(r); (6)
being q the electronic charge andW the width of the QW. The spatial extended spontaneous emission, with rate , is
modeled using Gaussian random numbers with zero mean and correlation h
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). We integrate the spatio-temporal dynamics using a spectral method that treats the linear terms of the Eq. (2)
exactly and the non-linear terms at rst order in t. The integration region is large enough, 80 80 m
2
on a grid
of 128128 points, to avoid spurious re-injection of the variables at the boundaries. The meaning and values of the
dierent parameters involved in equations (2)-(4) are listed in Table 1.
Symbol Meaning Value
a
0
eective gain constant 1:3  10
4
ns
 1
  connement factor 0:045
 material polarization decay 20 ps
 1
n
e
background refractive index 3:3
n
g
group refractive index 3:5
 free-space wavelength 0:85 m
 bandgap shrinkage 0:2
b unpumped contribution to  10
4
 cavity loses 300 ns
 1

a
linear dichroism 0:5 ns
 1

p
linear birefringence 30 ns
 1

e
non-radiative recombination rate 1:0 ns
 1
BN
t
bimolecular recombination rate 0:1 ns
 1

J
spin ip rate 50 ns
 1
D bimolecular diusion 0:3 m
2
=ns
 spontaneous emission rate 10
 5
ns
 1
Table 1. Symbols, meaning and values of some parameters.
2.1. A simple thermal model
A uniform increment of the substrate temperature T
b
produces a redshift of the longitudinal mode resonance with
respect to the nominal transition frequency. The nal result appears as an enhancement of the detuning when the
substrate temperature is increased; (T
b
) = 
0
+ v (T
b
 T
0
) with v  3 10
 2
K
 1
. Nevertheless, the temperature
distribution in a VCSEL is not uniform because the Joule heating is predominantly produced close to the cavity
axis. When a non-uniform distribution of the temperature T (~r
?
) is superposed onto the substrate temperature, it
translates to refractive index providing the cavity modal proles, modal frequencies and a redshift as well.
For sake of simplicity, we approximate the thermal lensing by a radial distribution with parabolic shape. There-
fore, the refractive index distribution can be written as n(r) = n
tl

1  (2r=
g
)
2

if r  
g
=2 and n(r) = 0
elsewhere. In a rst approximation we assume that the specic susceptibility parameters 
0
, b, and  are temperature
independent for the whole range of temperatures under study.
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The cavity modes in the weak-guidance approximation are determined by the eigenvalue equation
"
r
2
?
+



c

2
2n
e
n(r)
#

ml
=W
ml

ml
: (7)
The modes LP
ml
of Eq. 7 can be expressed as a series expansion of R  2r=
g
< 1 and read
13

ml
(R; ) =
8
<
:
P
1
n=0
a
n
R
n+l
P
1
n=0
a
n
if R < 1
K
l
(W
ml
R)
K
l
(W
ml
)
if R  1

(
cos(l) even mode
sin(l) odd mode
(8)
where K
l
is a second kind Bessel function of order l, being l = 0; 1;    the angular number. The coeÆcients a
n
in
the wavefunction expansion are a
0
arbitrary, a
2n 1
= 0 and
a
2
=  
(V
2
 W
2
ml
)a
0
4(l+1)
a
2n
=
1
4n(n+l)
 
V
2
a
2n 4
  (V
2
 W
2
ml
)a
2n 2

if n  2:
(9)
The waveguide parameter is V = (2=) (
g
=2)
p
2n
e
n
tl
. The propagation constants W
ml
of the guided modes are
obtained imposing continuity of 
ml
(R; ) at R = 1. For each value of the angular number l, one has to solve a
transcendental equation for W
ml
that reads
W
ml
K
l+1
(W
ml
)
K
l
(W
ml
)
=  
P
1
n=0
na
n
P
1
n=0
a
n
: (10)
For any guided mode we have 0  W
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redshift appears being much larger when the thermal lensing n
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(or equivalently V ) is enhanced.
In conclusion, for a given longitudinal mode detuning, (T
b
), dierent amounts of thermal lensing, n
tl
, produce
additional redshift related to the frequency position of the fundamental mode !
10
. Noteworthy, such a redshift will
be negligible only for a device with an eective radial dissipation of the heat.
3. RESULTS
In this section we present the numerical results
14
obtained for the transient response of gain-guided VCSELs. The
excitation consists in a current pulse of 1 ns of duration and 50 ps of rise and fall times. The bias current is chosen
below threshold (
b
= 0:85 
th
) and the `on' current runs from threshold to well above threshold (
on
 1  9 
th
).
Since the pulse duration is much shorter than the thermal time (
t
 1s), we can assume that the heat dissipated
by the bias current provides the mean value of the thermal lensing. We have taken n
tl
= 4 10
 3
that, for GaAs
based materials, roughly corresponds to a temperature increment of T  10 K between the cavity axis and the
substrate. The structure of this section is the following: In Sec. 3.1 we describe the results obtained for a small
active region VCSEL (VCSEL A). In Sec. 3.2 we present the results for a larger device (VCSEL B). Finally, in Sec.
3.3 we discuss the eect of the current shape on the transverse mode selection close to threshold.
3.1. Results for the VCSEL A
We consider the VCSEL A with active region diameter 
c
= 12:5 m and thermal lensing diameter 
g
= 12:5 m.
The lateral variation of the injected current has a super-Gaussian shape of the form C(r) = e
 (2r=
c
)
6
. The total
injected current is determined from Eq. 6, I(t) =

12
 [1=3]q
e
N
t
W
2
c
(t). The threshold current can be analytically
determined
7
as soon as the operating detuning is chosen (in our case it corresponds to  = 0:5). It is important
to point out that this detuning only accounts for the frequency dierence between the longitudinal mode and the
transition frequencies and therefore does not contain the additional frequency shift induced by the thermal lensing
and by the carrier-induced refractive index. For this operating conditions the threshold current in dimensionless
units is found to be 
th
= 2:6. The numerical simulations start from initial conditions that correspond to the \o"
state biased at 
b
= 0:85
th
.
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Figure 1. VCSEL A: (Left) Time evolution of the power of the transverse modes for three dierent values of the
current pulse (a) 
on
= 1:5
th
, (b) 
on
= 4
th
and (c) 
on
= 9
th
. (Right) Time evolution of the total power and
power in each orthogonal polarization LP
x^;y^
for the same situations than before.
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Figure 2. Turn-on delay of the transverse modes of the VCSEL A.
In Fig. 1 we show the optical response of the VCSEL when a current pulse is switched-on at t = 0. We numerically
integrate the partial dierential Eqns. (2)-(3) and we compute, by a ltering technique, the time evolution of each
transverse mode separately [see Appendix A]. The left panels in Fig. 1 describe the non-polarization resolved evolution
of the optical power of each transverse mode for three values of the \on" current of the pulse: (a) 
on
= 1:5
th
, (b)

on
= 4
th
, and (c) 
on
= 9
th
. The transverse modes are labeled as follows: () is the fundamental LP
10
mode,
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() is the rst-order excited LP
11
mode, () is a combination of transverse modes LP
12
+ LP
20
, etc. The typical
frequency separation between transverse modes is  100 GHz. In general, the states (Æ) and () are also combination
of several higher-order transverse modes. The modes with the same value of (2m+ l   1) appear nearly degenerate
in the optical spectrum
15
and we are not able to obtain their separate evolution due to resolution limitations in the
ltering process. In the three cases, we observe that the laser switches-on in the Gaussian fundamental transverse
mode (LP
10
). The rst peak in the optical power burns carriers at the center of the carrier distribution. The laser
starts to develop the rst relaxation oscillation whose frequency increases for higher `on' currents. In (a) the Gaussian
mode is also excited during the second relaxation oscillation but this oscillation accompanies the excitation of the
rst-order transverse mode. There is a time interval where both transverse modes compete for the available gain but
as soon the current is turned-o (at t = 1 ns) we observe that the laser switches-o in the rst-order transverse mode.
Moreover, the nal spatial distribution of the carrier densities displays a hole in the center region due to spatial-hole
burning. In (b) and (c), immediately after the st optical peak, the Gaussian mode switches-o and the rst order
transverse mode (LP
11
) starts to lase. The LP
11
mode starts to oscillate at its relaxation frequency burning carriers
in a outer ring of the center region. After some time, the mode LP
11
has burned carriers causing a hole deep enough
to favor the excitation of higher-order transverse modes. We observe the state () appearing at t = 0:55 ns and
emitting simultaneously with the state (). Both modes approach with the same amount of power to the \o" state
when the current is turned-o. A similar behavior can be observed in (c) but within smaller time scales. Looking
with more detail at the rst optical peak, we can see a small time interval when the fundamental and rst order
transverse mode compete. Another observation is that the coexistence of () and (), during a time interval (0.4-0.6
ns), is accompanied by the sudden appearance of the fundamental mode. This eect is due to the fact that the
dominant mode () burns carriers far away from the center of the carrier distribution providing the required gain
for the fundamental mode to lase. The right panels of Fig. 1 show the evolution of the total optical power emitted
and the optical power in both orthogonal polarizations LP
x^
and LP
y^
. We can see that both polarization are active
during all the transient having a similar evolution for the three cases.
One interesting quantity that deserves to be considered is the turn-on delay of the high-order transverse modes.
Let T
ml
be the switch-on time of the transverse mode LP
ml
. The turn-on delay of such a mode is dened as the
switch-on time referred to the switch-on time of the fundamental mode, i.e. T
ml
= T
ml
  T
10
. It is also interesting
to investigate the variations of T
ml
on the applied current pulse. In Fig. 2 we plot the turn-on delay of the
transverse modes () and () as function of the \on" current, 
on
. As expected the turn-on delay for all the modes
rapidly increases when approaching to threshold, displaying an asymptotic behavior above 
on
> 1. Another peculiar
property is that after the application of the current pulse, the transverse modes appear in a quite denite sequence.
For this reason, we always nd that the turn-on delay increases when increasing the order of the transverse mode
for any value of the current pulse. Simple analytical expressions for the turn-on delay were already reported
11
in
terms of an independent mode theory. However, we note that such kind of modeling losses realism when calculating
the turn-on delay of successive excited transverse modes. This is because such a model does not take into account
the spatial hole burning, an eect that we nd to be the determinant mechanism to explain the delay onset of the
switch-on of the transverse modes.
3.2. Results for the VCSEL B
The VCSEL B has a larger active region diameter, 
c
= 22 m, and thermal lensing diameter is 
g
= 30 m. We take

g
larger than 
c
to mimic the heat diusion across the cavity axis. The thermal lensing strength has been also set to
n
tl
= 4 10
 3
yielding typical frequency separation between transverse modes of 45 GHz. Large aperture devices
have more gain available at the periphery. Since this fact favors the threshold condition of higher-order transverse
modes, we expect higher multitransverse mode behavior specially under pulsed operation. In Fig. 3 we plot the time
evolution of the dierent transverse modes for identical excitation conditions than Fig. 2. Comparing with Fig. 2,
we can see that in general a larger number of modes are excited by the pulse. As soon as the transverse modes are
excited, they prefer to compete all together instead of transferring the power from one mode to the next higher-order
mode. For this reason we see in Fig. 3(c) that the fundamental transverse mode maintains a non-negligible intensity
value during a large part of the time. In addition, the turn-on delays are considerably reduced in all the situations
[See Fig. 4]. Furthermore, it has been experimentally observed
10,11
that decreasing the bias current the turn-on delay
of the transverse modes increases. For this VCSEL B and only for currents higher than 
on
= 7
th
we observe that
the rst-order transverse mode starts to lase rst with a very small turn-on delay compared with the fundamental
one. The same kind of behavior was found in the experiment of a 22 m gain-guided AlGaAs-GaAs multiple-quantum
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well VCSEL being this behavior attributed to a slightly annular shape of the current distribution.
11
We will discuss
in Sec. 3.3 the eect of a ring current shape in the transverse mode selection close to threshold.
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Figure 3. VCSEL B: (Left) Time evolution of the power of the transverse modes for (a) 
on
= 1:5
th
, (b) 
on
= 4
th
and (c) 
on
= 9
th
. (Right) Time evolution of the total power and power in orthogonal polarization.
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Figure 4. Turn-on delay of the transverse modes of the VCSEL B.
In general, we have found qualitative good agreement for the dependence of the turn-on delay versus the current
pulse between the numerical and experimental results. Notwithstanding, it is important to point out that this
agreement is only possible if thermal lensing is considered. Otherwise, a lesser number of modes with longer turn-on
delays would be observed.
7
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3.3. Current shape dependence
Within our model, we are able to analytically determine the threshold of the dierent transverse modes for any
functional form of the current shape, C(r). In this section we study how the current shape modies the selection of
transverse modes close to threshold. The analytical results are accompanied by numerical simulations to check the
validity of the calculations. We consider a device with the same intrinsic parameters than the VCSEL A discussed
in Sec. 3.1 but allowing to chose dierent current shapes. The numerical simulations start from initial conditions
corresponding to the steady state slightly below threshold. At t = 0 a current step is applied from 0:9
th
to 1:1
th
and the laser is forced to operate detuned by  = 0:1 from the transition frequency.
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Figure 5. Threshold curves of some transverse modes for dierent current shapes: (a) super-Gaussian, (b) slightly
ring, (c) ring shape. The 12 m active-region VCSEL operates detuned by =0.1.
We compute the threshold current of the dierent LP
ml
modes that satises
7
the following set of equations
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From these equations we can obtain the dimensionless threshold current 
th
and the non-linear frequency shift !
nl
of the transverse mode LP
ml
under consideration. In Fig. 5, we plot the threshold current of the fundamental
transverse mode (LP
10
) and some higher-order transverse modes. In what follows we change the shape of the radial
variation of the current, going from a super-Gaussian shape C(r) = e
 %
6
in (a), through a slightly annular shape
C(r) = e
 %
6
e
%
2
=2
in (b) and ending with a sharp ring shape C(r) = e
 %
6
e
2%
2
in (c) being % = 2r=
c
. In Fig. 5(a)
the Gaussian mode has the lowest threshold (or the highest modal gain) for all the range of detunings depicted. We
point out that dierent values of  are linked to dierent values of the substrate temperature but with the same
thermal lensing strength n
tl
. The horizontal axis corresponds to a substrate temperature variation of  100 K.
The threshold current of the successive high-order transverse modes increases indicating a worse overlap between
the modal prole and the carrier distribution. For negative detunings and due to the strong variation of the red-side
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gain curve on carrier density, the lack of overlapping is compensated by the material gain dierences experimented
by dierent transverse modes. The numerical simulation in Fig. 6(a) indicates that the laser action starts from
a circularly symmetric spontaneous emission near eld. The laser switches-on undergoing relaxation oscillations
but remains always in the Gaussian fundamental transverse mode. For the intermediate current shape depicted
in Fig. 5(b), the slightly annular shape of the current reduces the threshold of the higher-order transverse modes
compared with the fundamental one. This situation is such that several modes have similar threshold currents and
a competition between them is expected. However, for  = 0:1 the rst-order transverse mode LP
11
has the lowest
threshold current. The numerical simulation in Fig. 6(b) indicates that the laser starts to emit spontaneous emission
in the LP
11
mode. However, the Gaussian mode appears as soon the optical power starts to display the rst peak.
Following the response to the current step, we see that the Gaussian mode disappear and the LP
11
mode starts to
lase again. This very interesting behavior is due to a small redistribution of the optical gain across the active region
during the transient, that is able to favor the appearance of the Gaussian mode. The most surprising eect of a sharp
ring current shape can be seen in Fig. 5(c). In this case, the fundamental transverse mode is unfavored due to the
poor overlapping of the Gaussian mode with the ring-shaped carrier distribution. On the contrary, the ring-shaped
carrier distribution enhances the modal gain of higher-order transverse modes, providing a lowest threshold for these
modes. Furthermore, we can see that there is no intersection between the threshold curves in 5(c) indicating that
the modal gain dierences are dominated by geometrical considerations instead of dierent material gains. The
analytical prediction is that the four-lobed LP
12
mode has the lowest threshold curve being very much lower than
the Gaussian mode. This is corroborated by the numerical simulation shown in Fig. 6(c) where the four-lobed mode
arises from a non-circularly symmetric spontaneous emission near eld. The LP
12
mode can be clearly seen at the
position of the rst optical peak (t  1 ns) and at later times but with the lobes rotated. This rotation can be
regarded as a combination of even and odd LP
12
modes whose weight coeÆcients depend on time.
Summarizing, we have introduced an analytical method that allows us to determine the threshold curves of
dierent transverse modes. Despite the simplicity of this method, that in principle does not contain any information
about the dynamics during the transient, it has been found to be a good indicator that determines the transverse
mode selected close to threshold.
 
 
 
(a)
(b)
(c)
Time / 2ns
To
ta
l P
ow
e
r 
[a.
u
.
]
t / 10ns
t / 10ns
t / 10ns
Figure 6. Numerical evolution of the non-polarization resolved near elds for the same conditions of Fig. 5.
4. CONCLUSIONS
The evolution of the optical power of dierent transverse modes of VCSELs subjected to short current pulses has been
studied within a mesoscopic model. Our spatio-temporal dependent model describes temperature eects through
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the thermal lensing and a temperature-dependent detuning. We have considered dierent pulse amplitudes in two
VCSELs of dierent active region diameters. We have found a delay onset for the appearance of the transverse
modes that compares quite well with the experiments. The turn-on delay and its dependence on the current pulse
is also in agreement with the experimental results only when taking into account the thermal lensing eect. The
existence of the turn-on delay has been explained in terms of spatial hole burning. The transverse mode selection
close to threshold, for dierent current shapes, has been explored within analytical and numerical approaches. We
have found that the threshold curves of the transverse modes are good indicators to determine the mode that will
be selected close to threshold.
Generally speaking, the model presented in this paper provides an accurate description of VCSEL dynamics
within a relatively simple mesoscopic framework, allowing to analyze polarization and transverse mode dynamics
and selection in an unied way without a priori restrictions on the modal proles and frequencies.
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APPENDIX A. FILTERING TECHNIQUE
The optical spectrum of a discrete spatio-temporal eld
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the direct fast Fourier transform of a discrete time series. From the peaks of the function
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(!) we determine the frequency positions, !
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erent transverse modes. Now, we apply a second order
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where F
 1
stands for the discrete inverse Fourier transform, i.e. E
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= F
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). On the other hand, we can
obtain the time-averaged near eld of such a transverse mode by using a similar ltering technique
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